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Abstract
We construct, in D = 3, 4, 6 and 10 space-time dimensions, supersymmet-
ric Lagrangians for free massless higher spin fields which belong to reducible
representations of the Poincare´ group. The fermionic part of these models
consists of spinor-tensor fields which are totally symmetrical with respect to
their tensor indices, while the bosonic part contains totally symmetric tensor
fields as well as the simplest mixed-symmetry fields. A peculiar feature of
these models is that they describe higher- and lower-spin supermultiplets in
different dimensions in a uniform way.
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1 Introduction
Understanding the relation between string theory and higher spin gauge theory re-
mains a challenging problem. It is based on the hypothesis that the former is a
spontaneously broken phase of the latter, in which higher spin fields acquire masses
and string tension is generated. Further connection between string theory and higher
spin gauge theory is provided by the fact that AdS spaces, which are natural back-
grounds for interacting higher spin gauge theories, play an important role in string
theory as the geometric basis for the AdS/CFT correspondence. If the connection
between higher spin gauge theory and string theory is successfully established and
understood, it may shed light on the origin and mechanism of tension and mass
generation in string theory 1.
One of the ways to approach this problem is to take a tensionless (high-energy)
limit of string theory and study the structure of its higher-spin excitations which
become massless in this limit. This is a highly non-trivial problem on its own.
The simplest case to start with is to perform this limit in flat space-time back-
ground and for vanishing string coupling constant, thus restricting the consideration
to a free theory. Acting this way, one obtains consistent Lagrangians and field equa-
tions for bosonic and fermionic massless fields belonging to various representations of
the Poincare group. These are often called “triplets” in the case of totally symmet-
ric tensor fields [31] or “generalized triplets” [32] when the system contains tensor
fields of mixed symmetry. Various properties of these systems have been studied
in [10, 31–60]. As a next step, one can promote the resulting system of free fields to
the interacting level [61–63] and in this way recover the set of cubic vertices obtained
in [64–67]. (See also [68,69] and [61,70–77] for work on various aspects of high energy
limit in string theory.)
The Lagrangian description of the bosonic higher-spin triplets was generalized to
AdS backgrounds in [32, 78–80] and of the fermionic ones in [45, 59], though their
origin in a tensionless limit of an AdS string is still to be understood.
Another interesting issue, which has not been developed by now and which will
be the main goal of this paper, is the construction and study of supersymmetric
reducible higher spin systems with the aim of finding their relation to a tensionless
limit of superstring theory.
A similarity of higher-spin systems with the spectrum of (super)strings allows one
to use techniques and intuition gained in string theory for studying various problems
of free and interacting higher spin gauge theories (see e.g. [20, 23] for a review and
references). In this paper, these techniques will be applied to the derivation of su-
persymmetric systems of reducible higher spin multiplets and the construction of
their free supersymmetric Lagrangians in flat space-time of dimension D = 3, 4, 6
and 10. These values are singled out by the requirement of the on-shell closure of
a Poincare´ supersymmetry algebra, which in what follows will be assumed minimal
1For a review of various aspects and problems of higher spin field theory see e.g. [1–29] and
Chapter 6.9 of the book [30].
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(i.e. N = 1). As we will show the simplest supersymmetric multiplets of the highest
spin s consist of fermionic triplets (whose physical fields are contained in symmetric
tensor spinors of rank (s− 1) and generalized bosonic triplets whose physical fields
are collected in symmetric tensor fields of rank s and mixed-symmetry tensors char-
acterized by a simple hook Young tableaux Y (s−1, 1) of the group GL(D) (with the
first row being of rank s− 1 and the second row of rank 1). In addition, the systems
contain pure gauge and auxiliary fields (not to be confused with those of the off-shell
supermultiplets).
To find these supersymmetric higher-spin systems, their supersymmetry trans-
formations and Lagrangians, we will use the fact that the fermionic and bosonic
triplets (either generilized or not) can be obtained from the Ramond-Neveu-Schwarz
Open String Field Theory by formally taking its tensionless limit [32]. To identify
the supersymmetry generator, one should find an operator which converts the BRST
charge of the Ramond (R) sector into the BRST charge of the Neveu-Schwarz (NS)
sector of the theory and vice versa. In the free Open String Field Theory, this prob-
lem was considered in [81] (see also [82]). It was found that the required operator
contains an infinite number of string oscillator variables, the situation which natu-
rally appears for a string of a finite tension. The supersymmetry algebra closed up
to the action of a picture changing operator [83], which is again characteristic of the
NSR formulation [84].
On the other hand, in the formal high energy limit of string theory in which one
recovers massless generalized triplets, for their description one uses a finite set of
oscillator variables whose number may a priori differ in the NS and R sector (see [32]
for details). Moreover, the nilpotent BRST charges both in the NS and R sector can
be constructed in any space-time dimension D. Therefore it should be possible to
find an analog of the supersymmetry operator given in [81] which contains a finite
number of oscillators. This problem was solved in [10] where a BRST-invariant
Lagrangian and supersymmetry transformations for a system containing a triplet on
the fermionic side (R sector) and a generalized triplet containing fields with mixed
symmetry on the bosonic side (NS sector) was obtained. However, the structure and
properties of the obtained systems were not discussed in [10].
In this paper we elucidate and consider in detail the field content, the Lagrangians
and supersymmetry transformations of the component fields of the supersymmetric
triplet systems introduced in [10]. We show how the triplets decompose into various
representations of the corresponding D-dimensional supersymmetry algebra which
closes on-shell (for D = 3, 4, 6 and 10) and is not plagued by the problem of picture
changing.
Since our formalism closely follows the one of superstring theory, they have some
features in common. For instance, the lowest spin supermultiplet in Type I D = 10
open string theory is the Maxwell multiplet. It is well known that, although the
free Lagrangian for an Abelian vector and a spinor field is invariant under N = 1
supersymmetry transformations in any space-time dimension D, the closure of the
supersymmetry algebra requires that D = 3, 4, 6 and 10. We will see that a similar
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restriction persists for our models 2.
Let us note that inD = 4 the problem of supersymmetric formulation of reducible
higher spin systems was considered earlier in [35, 36]. The fermionic sector of their
models consisting of the totally symmetrical spinor-tensors is the same as in our
case but in the bosonic sectors, the corresponding Lagrangians and supersymmetry
transformations are different. In short, the systems of [35, 36] are a higher-spin
generalization of the chiral D = 4 supermultiplet, while we will deal with a higher–
spin generalization of the D = 4 vector supermultiplet.
The paper is organized as follows. In Section 2 we briefly review gauge invariant
systems describing bosonic and fermionic fields, which belong to reducible repre-
sentations of the Poincare´ group with mixed symmetries (generalized triplets) [32].
We present corresponding Lagrangians, gauge transformations, field equations and
BRST charges, valid in any number of space-time dimensions and for any finite
number of oscillator variables.
In Section 3 we consider the simplest sets of reducible higher spin systems, which
form minimal N = 1 supermultiplets in D = 3, 4, 6 and 10. They consist of a
fermionic triplets (spinor fields which are symmetric tensors of the Lorentz group)
and generalized bosonic triplets containing symmetric tensors and fields of the sim-
plest mixed symmetry of the Y (s − 1, 1) type. We present the BRST-invariant
Lagrangians, field equations, and gauge transformations of these systems.
In particular, in Section 4 we review the form of an operator which transforms
the BRST charge of the fermionic sector into the BRST charge of the bosonic sector
and thus is supposed to generate their supersymmetry transformations [10].
Section 5 contains our main results. We start by discussing how the N = 1
Maxwell supermultiplet is obtained within this formalism. This serves as a useful
warming up example and a preparation for the consideration of supergravity and
higher-spin supermultiplets.
The next example deals with linearized supergravity multiplets. It already has
interesting peculiarities. We will see that while in D = 10 after integrating out
auxiliary fields we recover the irreducible N = 1, D = 10 (linearized) supergravity
multiplet, in the lower dimensional cases (D = 4 and 6) the systems become reducible
and split into linearized supergravity and tensor multiplets 3.
Finally, we present a general case of simple reducible higher-spin supermultiplets.
In conclusion we discuss open problems and possible developments of our results.
2Since we consider massless fields the case of D = 3 appears somewhat trivial (see [85] for a
review of the construction of supersymmetric massive higher spin fields in D = 3 flat and AdS3
spaces). Therefore, although our consideration is also valid for D = 3, we will only discuss D = 4, 6
and 10.
3One comment is in order here. As we mentioned, the systems under consideration have been
deduced by taking a tensionless limit of open superstring field theory. The appearance of the
supergravity multiplet is due to the fact that in this limit the spin-2 field becomes massless and
is described by the Fierz-Pauli Lagrangian. It can thus be naturally identified with a graviton at
least at the free level.
3
2 General set up
Let us briefly recall the description of higher spin fields transforming under reducible
representations of the Poincare´ group in the BRST approach [31,32,54], see also [10]
for a review.
The BRST formalism used below is very similar to the RNS formulation of the
open superstring. In particular, one introduces bosonic and fermionic oscillator op-
erators as well as bosonic and fermionic ghost variables to create states of different
spins.
Bosonic oscillators αµk , fermionic ghosts ck and antighosts bk obey the following
(anti)commutation relations
[αµk , α
ν+
l ] = δklη
µν , {c+k , bl} = {ck, b+l } = δkl , (2.1)
{c0, b0} = 1,
where k, l = 1, ...,∞ are positive integer numbers. The ghost number of c+k is +1,
the ghost number of b+k is −1 and the ghost number of αµ+k is 0.
The fermionic oscillators ψµr and the bosonic ghosts γr and antighosts βr obey
the following anti-commutation relations
{ψµr , ψν+s } = δrs ηµν , [γr, β+s ] = [γ+r , βs] = i δrs . (2.2)
The ghost numbers of γ+r , β
+
r and ψ
µ+
r are, respectively, +1, −1 and 0. All “dag-
gered”oscillators are Hermitian conjugated to the corresponding “undaggered” ones.
The oscillators with the subscript ”0” are Hermitian self-conjugate.
Keeping the terminology adopted in string theory, we call the NS sector the set of
string states in which the indices of the fermionic oscillators and the corresponding
bosonic (anti)ghosts assume half integer values, namely r, s = 1
2
, ...,M + 1
2
. The
NS sector consists of space-time bosonic fields. In a similar way, we call the R
sector the set of string states in which the indices of the fermionic oscillators and
the corresponding bosonic (anti)ghosts assume non-negative integer values r, s =
0, 1, ...,∞. The R sector consists of space-time fermion fields.
Let us note that the number of oscillators K,M and N can be a priori arbitrary
and independent from each other. Fields are expanded in terms of creation operators
in both sectors. The Clifford vacua are defined as follows. In the NS sector the
vacuum state is defined as follows
αµk |0NS〉 = ψµk |0NS〉 = 0, (2.3)
ck|0NS〉 = bk|0NS〉 = βk|0NS〉 = γk|0NS〉 = b0|0NS〉 = 0. (2.4)
The vacuum in the R sector is defined in a similar way
αµk |0R〉 = ψµk |0R〉 = 0, k > 0 (2.5)
ck|0R〉 = bk|0R〉 = βk|0R〉 = γk|0R〉 = b0|0R〉 = 0, k > 0 (2.6)
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β0|0R〉 = 0. (2.7)
As in superstring theory, ψµ0 are usually associated with gamma matrices, therefore
the Clifford vacuum state in the R-sector has a spinorial index (i.e., we have |0R〉a
and a〈0R|), which we will not write explicitly.
A general field either in the NS or R sector, which we will call higher-spin
functional, is expanded in terms of the creation operators introduced above and the
components of this expansion are higher spin fields (physical and auxiliary).
Let us now introduce differential operators. In the α-oscillator parts of the both
sectors we will deal with
l0 = p · p, lk = p · αk, l+k = p · α+k , (2.8)
where pµ = −i∂µ, ‘dot’ stands for the trace (i.e. A · B = AµBµ) and ∂A will denote
a symmetrized derivative. For example if A is a vector, then ∂A ≡ ∂µAν + ∂νAµ.
In addition to the above operators, in the NS sector we have
gr = p · ψr, g+r = p · ψ+r , r +
1
2
∈ N, N = 1, 2, ... (2.9)
and in the R sector
g0 = p · ψ0, gr = p · ψr, g+r = p · ψ+r , r ∈ N . (2.10)
Obviously, g0 is the Dirac operator and l0 is the d’Alembertian.
The action of the operators lk (defined in (2.8)) on the states created by α
µ+
k
results in taking the divergence of the corresponding tensorial fields. Namely, since
the vacuum is defined as in (2.3) and (2.5), the expansion of any state in series of,
say, oscillator αµ+1 (ignoring the other creation operators for a moment) has the form
|Φ〉 = 1
m!
Φµ1µ2,...,µm(x)α
µ1+
1 α
µ2+
1 ...α
µm+
1 |0NS/R〉. (2.11)
Then acting on (2.11) with the operator l1 and performing the normal ordering of
αµ1 and α
µ+
1 one can see that the resulting state is the divergence of the initial one
|Φ〉 = 1
(m− 1)!∂
µ1Φµ1µ2,...,µm(x)α
µ2+
1 ...α
µm+
1 |0NS/R〉. (2.12)
Similarly, gr acts as the divergence on the states created by ψ
µ+
r . The operators
l+i produce symmetrized derivatives of the tensor fields associated with the states
created by αµ+i and finally g
+
r act as the antisymmetrized derivatives of the tensor
fields associated with the states created by the fermionic oscillators ψµ+r .
In the NS sector the BRST charge is
QNS = c0 l0 + Q˜NS − MNS b0 , (2.13)
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with
Q˜NS =
∑
k,r
[
c+k lk + ck l
+
k + γ
+
r gr + γr g
+
r
]
,
MNS =
∑
k,r
[
c+k ck + γ
+
r γr
]
, (2.14)
and in the R sector
QR = c0 l0 + γ0 g0 + Q˜R −MRb0 − 1
2
γ20 b0 , (2.15)
where Q˜R andMR are defined similarly to (2.14) but with the difference that now the
sums are taken over the integer modes of the fermionic oscillators and the bosonic
(anti)ghosts. The BRST charges are identically nilpotent
Q2NS = Q
2
R = 0 (2.16)
independently of the space-time dimension D and of the numbers of the oscillators
K,M and N .
Let us note that, since the states are series expansions in both the fermionic
and bosonic creation operators, the proper definition of parity of the higher-spin
functionals is needed. This is determined by the GSO projector which in the NS
sector is
PNS =
1
2
[
1 − (−1)
∑
(ψ†p ψp + iγ
†
p βp− i γp β
†
p)
]
(2.17)
and in the R sector has the following form
PR =
1
2
[
1 + γ∗ (−1)
∑
(ψ†r ψr + i γ
†
r βr − i γr β
†
r + i γ0 β0)
]
, (2.18)
where γ∗ is a chirality matrix.
The quadratic NS-sector Lagrangian is
LNS =
∫
dc0〈ΦNS|QNS|ΦNS〉. (2.19)
It is invariant under the following gauge transformations
δ|ΦNS〉 = QNS|ΛNS〉 (2.20)
due to the nilpotency of the BRST charge. Writing the NS field and the gauge
parameter as polinomials of the fermionic ghost zero-mode
|ΦNS〉 = |ΦNS1 〉 + c0|ΦNS2 〉 , (2.21)
|ΛNS〉 = |ΛNS1 〉 + c0|ΛNS2 〉 , (2.22)
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and making use of the form of the BRST charge (2.13), one rewrites the Lagrangian
(2.19) as follows
LNS = 〈ΦNS1 |l0|ΦNS1 〉 − 〈ΦNS2 |Q˜NS|ΦNS1 〉 − 〈ΦNS1 |Q˜NS|ΦNS2 〉+ 〈ΦNS2 |MNS|ΦNS2 〉 .
(2.23)
Varying this Lagrangian one gets the following equations of motion
l0|ΦNS1 〉 − Q˜NS|ΦNS2 〉 = 0 ,
Q˜NS|ΦNS1 〉 − MNS|ΦNS2 〉 = 0 . (2.24)
The gauge transformations (2.20) of the fields |ΦNS1 〉 and |ΦNS2 〉 are
δ|ΦNS1 〉 = Q˜NS|ΛNS1 〉 − MNS|ΛNS2 〉 ,
δ|ΦNS2 〉 = l0|ΛNS1 〉 − Q˜NS|ΛNS2 〉 . (2.25)
The R sector is more complicated, due to the presence of the bosonic ghost zero
mode γ0. In general, |ΦR〉 is an infinite series in powers of γ0. However, one can
consider a truncated field
|ΦR〉 = |ΦR1 〉 + γ0 |ΦR2 〉 + 2 c0 g0 |ΦR2 〉 , (2.26)
without affecting the physical spectrum [81]. The truncated sector still possesses
a relevant portion of gauge symmetry4. The resulting consistently truncated field
equations
g0 |ΦR1 〉 + Q˜R|ΦR2 〉 = 0 ,
Q˜R |ΦR1 〉 − 2MR g0 |ΦR2 〉 = 0 , (2.27)
are invariant under the following gauge transformations
δ |ΦR1 〉 = Q˜R|ΛR1 〉 + 2MR g0 |ΛR2 〉 ,
δ|ΦR2 〉 = g0 |ΛR1 〉 − Q˜R |ΛR2 〉 . (2.28)
The field equations (2.27) are obtained from the Lagrangian
LR = 〈ΦR1 |g0|ΦR1 〉+ 〈ΦR2 |Q˜R|ΦR1 〉+ 〈ΦR1 |Q˜R|ΦR2 〉 − 2〈ΦR2 |MRg0|ΦR2 〉 . (2.29)
A way to establish supersymmetry between the fields of the NS and R sector is
to find an operator Q which transforms the BRST charges QR and QNS into each
other
QRQ = QQNS. (2.30)
4In other words one can prove that using the BRST gauge symmetry δ|ΦR〉 = QR|ΛR〉 of the
equation QR|ΦR〉 = 0 one can gauge fix the functional |ΦR〉 to the form (2.26).
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Such an operator has been considered in the context of open string field theory
in [81]. The condition (2.30) is the consequence of the requirement that the total
Lagrangian
Ltot. = 〈ΦNS|QNS|ΦNS〉+ 〈ΦR|QR|ΦR〉 (2.31)
is invariant under
δ〈ΦNS| = 〈ΦR|ǫQ, δ|ΦR〉 = ǫQ|ΦNS〉. (2.32)
where ǫ is a Grassmann-odd constant parameter of the supersymmetry transforma-
tions.
3 Field content of the simplest N = 1 supersym-
metric reducible higher-spin systems
Let us consider the simplest case in which the fields in the R sector do not depend on
the fermionic oscillators ψµ+r . These are the fermionic higher-spin triplets considered
in flat space-time [35], [31, 32] and in AdSD [45, 59].
The higher-spin functional of the R sector (2.26) associated with the fermionic
triplet contains only the oscillators αµ+1 , c
+
1 and b
+
1 , namely
|ΦR1 〉 =
1
n!
Ψµ1µ2 ... µn(x)α
µ1+
1 α
µ2+
1 ... α
µn+
1 |0R〉
+
c+1 b
+
1
(n− 2)! Σµ1µ2 ... µn−2(x)α
µ1+
1 α
µ2+
1 .. α
µn−2+
1 |0R〉 ,
|ΦR2 〉 =
b+1√
2(n− 1)! χµ1µ2 ... µn−1(x)α
µ1+
1 α
µ2+
1 ... α
µn−1+
1 |0R〉 (3.1)
or in a more compact form
|ΦR1 〉 = |Ψ〉+ c+1 b+1 |Σ〉, (3.2)
|ΦR2 〉 = b+1 |χ〉. (3.3)
The monomials of the oscillators αµ define the spinor-tensor fields ψ, χ and Σ of
rank (n + 1/2), (n − 1/2) and (n − 3/2), respectively, which are totally symmetric
in their tensor indices. Substituting these expressions into the field equations (2.27)
one gets the fermionic triplet equations of motion
g0|Ψ〉+ l+|χ〉 = 0 , (3.4)
l|Ψ〉 − l+|Σ〉+ 2g0|χ〉 = 0 , (3.5)
g0|Σ〉+ l|χ〉 = 0 , (3.6)
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with the corresponding Lagrangian having the following form
LR = 〈Ψ|g0|Ψ〉 − 〈Σ|g0|Σ〉+ 〈Ψ|l+|χ〉 − 〈Σ|l|χ〉 (3.7)
+〈χ|l|Ψ〉 − 〈χ|l+|Σ〉+ 2〈χ|g0|χ〉 .
The BRST gauge invariance of this Lagrangian involves an unconstrained parameter
|ΛR1 〉 =
ib+1
(n− 1)! λ˜µ1µ2...µn−1(x)α
+µ1
1 α
+µ2
1 ...α
+µn−1
1 |0〉 , (3.8)
or simply
|ΛR1 〉 = b+1 |λ˜〉 , (3.9)
and the gauge transformations are
δ|Ψ〉 = l+ |ΛR1 〉 ,
δ|Σ〉 = l |ΛR1 〉 ,
δ|χ〉 = −g0 |ΛR1 〉 . (3.10)
In order to pass to the conventional field-theoretical description of this fermionic
system we identify ψµ0 with the gamma-matrices as follows
ψµ0 =
1√
2
γµ (3.11)
and use the equations above to rewrite the Lagrangian in the following form (in
which the contraction of the tensorial indices is assumed)
LR = −iΨ¯γµ∂µΨ− inΨ¯∂χ + inχ¯∂ ·Ψ+ in(n− 1)Σ¯γµ∂µΣ (3.12)
+ inχ¯γµ∂µχ− in(n− 1)χ¯∂Σ + in(n− 1)Σ¯∂ · χ .
The Lagrangian is invariant under the gauge transformations
δΨ = ∂ λ˜ ,
δΣ = ∂ · λ˜ ,
δχ = −γν∂ν λ˜ . (3.13)
From the Lagrangian (3.12) one obtains the equations of motion
γν∂νΨ + ∂χ = 0 ,
∂ ·Ψ − ∂Σ + γν∂νχ = 0 ,
γν∂νΣ + ∂ · χ = 0. (3.14)
For the fields in the NS sector we require that they are generated by the oscillators
αµ+1 , c
+
1 , b
+
1 as well as by ψ
µ+
1
2
, β+1
2
and γ+1
2
. The reason for this choice is that the number
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of the on-shell physical degrees of freedom of this bosonic system matches that of
the fermionic triplet, as we show in detail in Appendix B. The equations of motion
in the NS sector (2.24) fix the following form of the higher-spin functional
|ΦNS1 〉 =
1
n!
φν,µ1µ2 ... µn(x)ψ
+ν
1
2
αµ1+1 α
µ2+
1 ... α
µn+
1 |0NS〉
+
c+1 b
+
1
(n− 2)! Dν, µ1µ2 ... µn−2(x)ψ
ν+
1
2
αµ1+1 α
µ2+
1 .. α
µn−2+
1 |0NS〉
+
γ+1/2b
+
1
(n− 1)! Bµ1µ2 ... µn−1(x)α
µ1+
1 α
µ2+
1 .. α
µn−1+
1 |0NS〉
+
ic+1 β
+
1/2
(n− 1)! Aµ1µ2 ... µn−1(x)α
µ1+
1 α
µ2+
1 .. α
µn−1+
1 |0NS〉 ,
|ΦNS2 〉 =
ib+1
(n− 1)! Cν,µ1µ2 ... µn−1(x)ψ
ν+
1
2
αµ1+1 α
µ2+
1 ... α
µn−1+
1 |0NS〉 (3.15)
+
β+1/2
n!
Eµ1µ2 ... µn(x)α
µ1+
1 α
µ2+
1 ... α
µn+
1 |0NS〉
+
c+1 b
+
1 β
+
1/2
(n− 2)! Fµ1µ2 ... µn−2(x)α
µ1+
1 α
µ2+
1 ... α
µn−2+
1 |0NS〉 .
Note that in (3.15) there is no any symmetry between the indices ν and µ. This is
indicated by a comma separating the indices. The expressions (3.15) can be written
in a more compact form as follows
|ΦNS1 〉 = |φ〉+ c+1 b+1 |D〉+ γ+1/2b+1 |B〉+ c+1 β+1/2|A〉, (3.16)
|ΦNS2 〉 = b+1 |C〉+ β+1/2|E〉+ c+1 b+1 β+1/2|F 〉.
We will also use the following notation. A field Φk,n has n symmetries indices µ and
k = 0 or 1 index ν. There is no symmetry between µ and ν. In this notation the
reducible system of higher-spin fields of theNS sector consists of the mixed symmetry
fields φ1,n and D1,n−2, the symmetric fields A0,n−1 and B0,n−1, and the auxiliary fields
C1,n−1, E0,n and F0,n−2 which can be excluded by solving their equations of motion.
The parameters of the gauge transformations (2.25) have the following form
|ΛNS1 〉 =
ib+1
(n− 1)! λν,µ1µ2 ... µn−1(x)ψ
ν+
1
2
αµ1+1 α
µ2+
1 ... α
µn−1+
1 |0NS〉
+
β+1/2
n!
ρ(1)µ1µ2 ... µn(x)α
µ1+
1 α
µ2+
1 .. α
µn+
1 |0NS〉
+
c+1 b
+
1 β
+
1/2
(n− 2)! ρ
(2)
µ1µ2 ... µn−2
(x)αµ1+1 α
µ2+
1 .. α
µn−2+
1 |0NS〉 ,
|ΛNS2 〉 =
ib+1 β
+
1/2
(n− 1)! τµ1µ2 ... µn−1(x)α
µ1+
1 α
µ2+
1 ... α
µn−1+
1 |0NS〉 (3.17)
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or
|ΛNS1 〉 = b+1 |λ〉+ β+1/2|ρ(1)〉+ β+1/2c+1 b+1 |ρ(2)〉, (3.18)
|ΛNS2 〉 = b+1 β+1/2|τ〉.
For the component fields we have
δ|φ〉 = l+|λ〉+ ig+|ρ(1)〉,
δ|D〉 = l|λ〉+ ig+|ρ(2)〉,
δ|A〉 = −l+|ρ(2)〉+ l|ρ(1)〉 − |τ〉,
δ|B〉 = −g|λ〉 − i|τ〉,
δ|C〉 = l0|λ〉+ ig+|τ〉, (3.19)
δ|E〉 = l0|ρ(1)〉 − l+|τ〉,
δ|F 〉 = l0|ρ(2)〉 − l|τ〉.
Finally the Lagrangian (2.23) takes the following form for the component fields of
the reducible higher-spin system
LNS = 〈φ|l0|φ〉 − 〈D|l0|D〉+ i〈B|l0|A〉 − i〈A|l0|B〉 (3.20)
+〈C|l+|D〉+ i〈E|l+|B〉 − 〈C|l|φ〉 − i〈F |l|B〉
+i〈C|g+|A〉+ i〈E|g|φ〉 − i〈F |g|D〉
+〈D|l|C〉 − i〈B|l|E〉 − 〈φ|l+|C〉+ i〈B|l+|F 〉 − i〈A|g|C〉
−i〈φ|g+|E〉+ i〈D|g+|F 〉
+〈C|C〉+ 〈E|E〉 − 〈F |F 〉.
The equations of motion which follow from this Lagrangian are
l0|φ〉 − l+|C〉 − ig+|E〉 = 0,
l0|D〉 − l|C〉 − ig+|F 〉 = 0,
l0|A〉 − l|E〉+ l+|F 〉 = 0,
l0|B〉+ g|C〉 = 0,
|C〉+ l+|D〉 − l|φ〉+ ig+|A〉 = 0, (3.21)
|E〉+ il+|B〉+ ig|φ〉 = 0,
|F 〉+ il|B〉+ ig|D〉 = 0.
As one can see, the fields |C〉, |E〉 and |F 〉 are expressed in terms of the other fields.
These expressions can be susbstituted back into the Lagrangian, which will then
describe a system of four fields |φ〉, |D〉, |A〉 and |B〉.
Let us present the Lagrangian (3.20) in a slightly different form, which is con-
venient for checking its supersymmetry invariance. In particular, upon ‘integrating
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out’ the oscillator ψν+ one gets
LNS = 〈φν |l0|φν〉 − 〈Dν |l0|Dν〉+ i〈B|l0|A〉 − i〈A|l0|B〉 (3.22)
+〈Cν |l+|Dν〉+ i〈E|l+|B〉 − 〈Cν |l|φν〉 − i〈F |l|B〉+ 〈Cν|∂ν |A〉
+〈E|∂ν |φν〉 − 〈F |∂ν |Dν〉
+〈Dν |l|Cν〉 − i〈B|l|E〉 − 〈φν |l+|Cν〉+ i〈B|l+|F 〉 − 〈Aν |∂ν |C〉
−〈φν |∂ν |E〉+ 〈Dν|∂ν |F 〉
+〈Cν |Cν〉+ 〈E|E〉 − 〈F |F 〉,
or in the (compact) tensor notation
LNS = −φνφν + n(n− 1)DD + nBA + nAB (3.23)
−2nB∂ · E + 2n(n− 1)Dν∂ · Cν + 2nCν∂ · φν
−2n(n− 1)F∂ ·B + 2nCν∂νA+ 2E∂νφν − 2n(n− 1)F∂νDν
+nCνCν + E
2 − n(n− 1)F 2,
where  = ∂µ∂
µ, ∂· stands for the divergence with respect to the index µi and the
contractions of the indices µi are implicit.
From the Lagrangian (3.23) one obtains the following equations of motion
φν + ∂Cν + ∂νE = 0, (3.24)
Dν + ∂ · Cν + ∂νF = 0, (3.25)
A− ∂ · E + ∂F = 0, (3.26)
B − ∂νCν = 0, (3.27)
Cν − ∂Dν + ∂ · φν + ∂νA = 0, (3.28)
E + ∂B + ∂νφν = 0, (3.29)
F + ∂ · B + ∂νDν = 0. (3.30)
Finally, the gauge transformations (3.19) take the following form
δφν = ∂λν + ∂νρ
(1), (3.31)
δDν = ∂ · λν + ∂νρ(2), (3.32)
δA = ∂ρ(2) − ∂ · ρ(1) − τ, (3.33)
δB = −∂νλν + τ, (3.34)
δCν = −λν + ∂ντ, (3.35)
δE = −ρ(1) − ∂τ, (3.36)
δF = −ρ(2) − ∂ · τ. (3.37)
4 Supersymmetry
Before discussing the form of the supersymmetry transformations, let us convince
ourselves that in the system under consideration the number of the bosonic and
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fermionic physical on-shell degrees of freedom match. The detailed proof is given in
Appendix B, while below we only sketch the procedure.
Let us split the vectorial index µ into transversal i = 1, .., D− 1 and longitudinal
light-cone (+,−) components.
In the bosonic sector, as one can see from the gauge transformation rules (3.31)-
(3.37), one can use the gauge transformation parameters λν and ρ
(1) to gauge away
all ” + ” components in the field φν . The parameter ρ
(2) can be used to gauge away
all the ”+” components in the field Dµ and the parameter τ to gauge away the field
B. Then all the other fields A, Cµ, E, F , Di and D− are equal to zero because of
the field equations (3.24)-(3.30). This results in the transversality conditions for the
field φν
∂µ1φν,µ1µ2...µn = 0, ∂
νφν,µ1...µn = 0. (4.1)
which eliminate the ”−” components of φ. Therefore, one is left with the field which
contains only physical polarizations and obeys the Klein-Gordon equation
φj,i1...in = 0, (4.2)
The index j takes D − 2 values and the symmetric tensor part of φ labelled by the
indices i has
d =
(D − 3 + n)!
n!(D − 3)! (4.3)
independent components. Therefore, the total number of the physical bosonic degrees
freedom is (D − 2)d.
The fermionic sector can be considered in a similar way. As one can see from
the gauge transformation rule (3.13), using the parameter λ˜ one can gauge away the
”+” components of the physical field Ψ. Then the fields Σ and χ are zero because of
the equations of motion (3.14). As a result the physical field obeys the transversality
condition
∂µ1Ψµ1µ2...µn = 0, (4.4)
which eliminates the ” − ” components. Therefore, one is left with only physical
polarizations which satisfy the Dirac equation
γµ∂µΨi1...in = 0. (4.5)
Now let us count the number of the physical degrees of freedom. The number of
degrees of freedom labelled by the indices i is the same as in the case of the bosonic
field φ and equals to (4.3). Further, the Majorana spinor in D = 3 has one on-
shell degree of freedom, the Majorana spinor in D = 4 has two on–shell degrees of
freedom, the symplectic Majorana-Weyl (or just Weyl) spinor in D = 6 has four on-
shell degrees of freedom and the Majorana-Weyl spinor in D = 10 has eight on-shell
degrees of freedom. These numbers are equal to the D−2 on-shell degrees of freedom
associated with the index j of the bosonic field φ, eq. (4.2). Therefore, in the system
under consideration, the number of the physical bosonic and fermionic degrees of
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freedom match in D = 3, 4, 6 and 10. Let us note that these space-time dimensions
are also singled out (due to twistor-like relations) in the so-called tensorial (or hyper)
space formulation of infinite reducible conformally-invariant higher-spin systems (see
e.g. [86] and [7, 28] for a review).
Now, let us proceed with the identification of the supersymmetry transformations
of the fields. The simplest way to find the operator which satisfies (2.30) is the
following [81]. Let us take an ansatz
Q = 〈0NS| exp(AIJΨINSΨJ+R +BIJΨINSΨJNS + CIJΨI+R ΨJ+R )|0˜R〉 (4.6)
where ΨINS stand for the annihilation operators in the NS sector except for (α
i
µ, b
i, ci),
since the latter set is common for both sectors. The oscillators ΨJ+R are the creation
operators in the R sector, again except for (αi+µ , b
i+, ci+). One more obvious require-
ment is that each separate term in the expression (4.6) should have the ghost number
equal to zero. The constants AIJ , BIJ and CIJ in (4.6) are then determined from the
equation (2.30).
In (4.6) the vacuum |0˜R〉 in the R sector differs from the vacuum defined by (2.5)–
(2.7). In particular, instead of (2.7) we have |0˜〉R having the following properties
γ0|0˜〉R = 0 (4.7)
(|0˜〉R)+ = 〈0R|, (|0〉R)+ = 〈0˜R| (4.8)
〈0R||0R〉 = 〈0˜R||0˜R〉 = 1. (4.9)
The presence of the two Clifford vacua in the R sector is consistent and moreover is
required for obtaining the generator of the supersymmetry transformations (see [81]
for a detailed discussion). As we shall see later, the final answer for supersymmetry
transformations will be given in terms of the “proper” R vacuum defined in (2.5)–
(2.6), with the bosonic ghost zero modes β0 and γ0 being completely eliminated.
Now let us recall that for the truncated systems under consideration, in the R
sector the fields are created only by αµ+1 , b
+
1 and c
+
1 , whereas in the NS sector the
fields are also created by ψν+1
2
, β+1
2
and γ+1
2
.
For such truncated systems the BRST charges in the R and NS sector are
QR = γ0g0 − 1
2
γ20β0 +Q
′, (4.10)
QNS = γ1/2g
+
1/2 + γ
+
1/2g1/2 − γ+1/2γ1/2b0 +Q′, (4.11)
where
Q′ = c0l0 + c
+
1 l1 + c1l
+
1 − c+1 c1b0. (4.12)
The operator Q takes the form
Q = 〈0NS| exp(ψ0 · ψ1/2 + i
2
γ1/2β1/2 − iγ1/2β0)|0˜R〉 (4.13)
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Obviously, the operator Q′ commutes with Q. Then it is straightforward to check
that (4.13) indeed satisfies (2.30), provided that the constant coefficients in each
term in the exponential are chosen as in (4.13).
Now using the explicit form (4.13) one can find the supersymmetry transforma-
tions of the fields of the system. To this end, let us expand the operator (4.13) in
the power series of β0
Q(β0) = Q(0) + β0Q′(0) + ... (4.14)
and use the equation (2.32) as well as explicit forms of the higher spin functionals
in the NS (2.21) and R sector (2.26). Since we are dealing with the truncated HS
functional, in the R sector we only need the terms given above, so one gets
δ|ΦNS1 〉 = u+ ǫ+|ΦR1 〉 − γ+1/2u+ ǫ+|ΦR2 〉, δ|ΦNS2 〉 = 2u+g0 ǫ+|ΦR2 〉, (4.15)
δ|ΦR1 〉 = −2ǫ g0u|ΦNS1 〉+ ǫ γ1/2u|ΦNS2 〉, δ|ΦR2 〉 = ǫ u|ΦNS2 〉 (4.16)
with
u = 〈0NS| exp(ψµ0ψµ1/2 +
i
2
γ1/2β1/2)|0R〉. (4.17)
Then one can show that the total Lagrangian
Ltot. = 〈ΦNS1 |l0|ΦNS1 〉 − 〈ΦNS2 |Q˜NS|ΦNS1 〉 − 〈ΦNS1 |Q˜NS|ΦNS2 〉+ 〈ΦNS2 |MNS|ΦNS2 〉
+〈ΦR1 |g0|ΦR1 〉+ 〈ΦR2 |Q˜R|ΦR1 〉+ 〈ΦR1 |Q˜R|ΦR2 〉 − 2〈ΦR2 |MRg0|ΦR2 〉 (4.18)
is invariant under the supersymmetry transformations (4.15) and (4.16). Having
found the form of the supersymmetry transformations of the higher-spin function-
als, one can extract from them the transformations of the component fields. To
this end, one should expand the equations (4.15)–(4.16) in the power series of the
remaining ghost variables, as will be considered in the next Section for the cases of
supermultiplets of different maximal spin.
5 Supermultiplets
5.1 Vector multiplet
The simplest example is the Maxwell supermultiplet for which there are no states
associated with the creation operators α+µ1 (i.e. n = 0).
As one can see from (3.17), the fields in the bosonic NS sector are
|φ〉 = Aν(x)ψν+1
2
|0〉NS (5.1)
and
|E〉 = β+1
2
E(x)|0〉NS. (5.2)
Similarly, from (3.1) in the fermionic R sector we have
|Ψ〉 = Ψ(x)|0〉R. (5.3)
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The Lagrangian of the NS and R sector is
L = −AµAµ + E∂µAµ − Aµ∂µE + E2 − iΨ¯γµ∂µΨ. (5.4)
The parameter of the gauge transformations is
|ρ〉 = ρ(x)|0〉NS (5.5)
and the gauge transformations are
δAµ = ∂µρ, δE = −ρ. (5.6)
Expressing the field E via its equation of motion
E = −∂µAµ (5.7)
and putting it back to (5.4) one obtains a conventional Maxwell Lagrangian
LNS = −AνAν + Aµ∂µ∂νAν = 1
2
F 2µν + total derivative . (5.8)
The Lagrangian (5.4) is invariant under the following supersymmetry transforma-
tions of the fields. The supersymmetry transformation of the gauge field is
δAµ = iΨ¯γµǫ (5.9)
and that of E is
δE = −∂µδAµ + iΨ¯γµ∂µǫ = 0 (5.10)
which is in accordance with what one obtains from the equation (4.15). For the
fermionic field, from (4.16) we get
δΨ = −ǫγνγµ∂νAµ − ǫE . (5.11)
Let us note that one can rewrite the Lagrangian (5.4) in the following form (modulo
total derivatives)
L = −AµAµ + Aµ∂µ∂νAν + (E + ∂µAµ)2 − iΨ¯γµ∂µΨ. (5.12)
Now one can introduce the field
D = E + ∂µAµ (5.13)
which transforms as a total derivative under the supersymmetry transformations
δD = i∂µΨ¯a(γµ)abǫb (5.14)
and is the conventional auxiliary D-field of the N = 1, D = 4 Maxwell supermulti-
plet.
As is well known, the algebra of the supersymmetry transformations (5.9) and
(5.11), with E satisfying (5.7), closes (on the mass shell) on the translations and
gauge transformations of the fields in space-time dimensions D = 3, 4, 6 and 10.
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5.2 Gravitational and antisymmetric tensor supermultiplet
The supersymmetric system of fields with the highest spin s = 2, contained in (3.1)
and (3.15), is generated by one creation operator α+µ1 , hence n = 1.
From the equation (3.15) one concludes that the bosonic NS sector contains the
following fields. The field φν,µ with no symmetry between the indices µ and ν, two
scalars A(x) and B(x), one of which is a pure gauge, and two vector auxiliary fields
Cν(x) and Eµ(x). The fermionic Ramond sector contains two fields Ψµ(x) and χ(x).
The Lagrangian of the bosonic sector has the form
LNS = −φν,µφν,µ +BA + AB (5.15)
+Eµ∂µB + C
ν∂µφν,µ + C
ν∂νA+ E
µ∂νφν,µ
−B∂αEµ − φν,µ∂µCν − A∂νCν − φνµ∂νEµ
+CνCν + E
µEµ .
The equations of motion of Cν and Eµ are algebraic and allow one to express these
fields as derivatives of φν,µ, A and B
Cˆν ≡ Cν + ∂µφν,µ + ∂νA = 0, (5.16)
Eˆµ ≡ Eµ + ∂µB + ∂νφν,µ = 0 . (5.17)
The Lagrangian (5.15) is invariant under the gauge transformations with three pa-
rameters λν , ρ
(1)
µ and τ
δφν,µ = ∂µλν + ∂νρ
(1)
µ ,
δA = −∂νρ(1)ν − τ,
δB = −∂νλν + τ,
δCν = −λν + ∂ντ, (5.18)
δEµ = −ρ(1)µ − ∂µτ.
The fermionic sector is described by the following Lagrangian
LR = −iΨ¯µγν∂νΨµ − iΨ¯µ∂µχ+ iχ¯∂µΨµ + iχ¯γν∂νχ, (5.19)
which is invariant under the gauge transformations
δΨaµ = ∂µλ˜
a, δχa = −(γµ)ab∂µλ˜b. (5.20)
The Lagrangian
L = LMS + LR, (5.21)
which is the sum of (5.15) and (5.19), is invariant under the supersymmetry trans-
formations
δφν,µ = iΨ¯µγν ǫ, (5.22)
δCν = −i(∂µχ¯)γµγν ǫ,
δB = −iχ¯ ǫ,
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δΨµ = −γνγρǫ ∂νφρ,µ − ǫEµ, (5.23)
δχ = −γνǫ Cν .
With the use of the equation of motion (5.17) for the field Eµ, the supersymmetry
transformation rule for δΨµ can be equivalently rewritten as
δΨµ = −2γνρǫ ∂νφρ,µ + ǫ∂µB, (5.24)
where γνρ = γ[νγρ]. Using the Fierz identities (A.2)-(A.3), one can check that the
algebra of supersymmetry transformations closes on the translations of the fields
modulo their field-dependent gauge transformations (and equations of motion).
As one can see from the equations above, the N = 1 supermultiplet under con-
sideration is reducible or irreducible depending on the dimension of space-time. To
see this, let us rewrite the above Lagrangian in terms of completely decoupled fields
transforming under irreducible representations of the Lorentz group.
5.2.1 Diagonalization of the Lagrangians
To diagonalize the Lagrangians (5.15) and (5.19) and make them be the sum of
the free Lagrangians for the Lorentz-group irreducible fields we introduce the gauge
invariant scalar field
ϕ = A +B + φ′, (5.25)
where φ′ = ηνµφν,µ, and the spinor field
χˆ = χ + γµΨµ . (5.26)
Then we redefine the field φν,µ as follows
φν,µ = gνµ +Bνµ − 1
2
ηνµ(A+B + g
′) = gνµ +Bνµ − 1
2−Dηνµϕ, (5.27)
where gνµ is symmetric and Bνµ is antisymmetric.
The field Ψµ is redefined as follows
Ψµ = Ψˆµ − 1
2
γµ(χ+ γ
νΨˆν) = Ψˆµ − 1
2−Dγµχˆ. (5.28)
Note also that
χ =
2
2−Dχˆ− γµΨ
µ. (5.29)
For the newly introduced fields and with the expressions (5.16) and (5.17) for the
auxiliary fields taken into account, the supersymmetry transformations take the fol-
lowing form (modulo gauge transformations)
δgνµ =
¯ˆ
Ψ(νγµ) ǫ, (5.30)
δBνµ =
¯ˆ
Ψ[νγµ] ǫ− 1
2
¯ˆχγνµǫ,
δϕ = −ǫ¯χˆ,
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δΨˆµ = iγ
νρ ǫ ∂νgµρ − i
2
γνρ ǫHµνρ +
i
3(D − 2)γµγ
λνρHλνρ, (5.31)
= iγνρ ǫ ∂νgµρ +
i
3(D − 2)
(
γν
λνρ − 3(D − 4)
2
δρµγ
λν
)
Hλνρ,
δχˆ = −iγµ ǫ ∂µϕ− i
3
γµνρǫHµνρ,
where Hµνρ = 3∂[µBνρ].
The factorized Lagrangians for the newly defined fields have the following form
LNS =
1
3
HλµνH
λµν − gνµgνµ + 2gνµ∂ν∂ρgρµ − 2gνµ∂ν∂µg′ + g′g′ (5.32)
− 1
(D − 2)ϕϕ+ Cˆ
µCˆµ + Eˆ
νEˆν ,
(where Cµ and Eν were defined in (5.16) and (5.17)) and
LR = −i ¯ˆΨνγµ∂µΨˆν + i ¯ˆΨν∂ν(γµΨˆµ) + i ¯ˆΨµγµ∂νΨˆν − i( ¯ˆΨγ)/∂(γΨˆ)− i
D − 2
¯ˆχγµ∂µχˆ
= −i ¯ˆΨµγµνλ∂νΨˆλ − i
D − 2
¯ˆχγµ∂µχˆ. (5.33)
The Lagrangian for the symmetric field gµν is nothing but the Fierz-Pauli Lagrangian
for the massless spin-2 field, while the Lagrangian for the fermionic field Ψˆµ is the
Rarita-Schwinger Lagrangian for the massless spin-3/2 field.
5.2.2 D = 4
InD = 4 the fields gµν and Ψˆµ form the linearized N = 1 supergravity multiplet. The
anti-symmetric field Bµν , the scalar field ϕ and the spinor χˆ form the N = 1 linear
supermultiplet. Here let us note a somewhat unconventional form of the supersym-
metry transformations (5.30) and (5.31) which naively seem to transform into each
other the fields Bµν and Ψˆµ which belong to different N = 1, D = 4 supermultiplets.
However, as one can show, these terms in the supersymmetry transformations of Bµν
and Ψˆµ are trivial in the sense that their commutator is identically zero (in D = 4).
Hence, in D = 4 these terms are redundant and can be skipped 5.
5.2.3 D = 6
In D = 6 the reducible system under consideration is composed of the N = (1, 0)
gravitational multiplet (gµν , B
+
µν , Ψˆµ), where B
+
µν is the self-dual part of Bµν (i.e.
H+3 = dB
+
2 = ∗H+3 ) and Ψˆµ is a chiral spinor, and the N = (1, 0) tensor supermul-
tiplet (B−µν , χˆ) in which B
−
µν is the anti-self-dual part of Bµν and χˆ is an anti-chiral
spinor.
5We are grateful to Sergei Kuzenko for clarifying discussion of this issue.
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5.2.4 D = 10
In this case, the bosonic fields gµν , Bµν , ϕ and the Majorana-Weyl spinor fields Ψˆµ
and χˆ of the opposite chirality form the irreducible supermultiplet of the linearized
N = 1, D = 10 supergravity.
5.3 Higher-spin Supermultiplets
As we discussed in detail in Sections 3 and 4, in the generic case the supersym-
metric higher-spin system is formed by the generalized bosonic ‘triplet’ consisting of
the mixed-symmetry fields φν,µ1...µn , Cν,µ1...µn−1 and Dν,µ1...µn−2 , which are symmetric
tensors in the indices µi but with no symmetry between ν and µi, and the sym-
metric tensor fields Aµ1...µn−1, Bµ1...µn−1 and Fµ1...µn−2, and by the fermionic triplet
consisting of the symmetric spinor-tensor fields Ψµ1...µn, χµ1...µn−1 and Σµ1...µn−2. The
bosonic fields φ, C and D can be decomposed into the irreducible representations
of the GL(D) group (which are still reducible with respect to SO(1, D − 1) since
they are traceful). In particular, one obtains fields described by totally symmetrical
Young diagrams and the fields with mixed symmetries (“the hook”). The latter are
described by the Young diagrams with two rows, with only one box in the second
row.
The Lagrangian describing this higher-spin system is the sum of the Lagrangians
(3.12) and (3.23). It is invariant under the following supersymmetry transformations
of the fields
δΨµ1...µn = −γργν ǫ ∂ρφν,µ1...µn − ǫEµ1...µn, (5.34)
δΣµ1,...,µn−2 = −γργν ǫ ∂ρDν,µ1...µn−2 − ǫFµ1...µn−2,
δχµ1...µn−1 = −γν ǫ Cν,µ1,...µn−1,
δφν,µ1...µn = iΨ¯µ1,...,µnγν ǫ, (5.35)
δDν,µ1...µn−2 = iΣ¯µ1...µn−2γν ǫ,
δCν,µ1...µn−1 = −i∂ρχ¯µ1,...,µn−1γργν ǫ,
δBµ1...µn−1 = −iχ¯µ1...µn−1 ǫ,
δAµ1...µn−1 = δEµ1...µn = δFµ1...µn−2 = 0.
Again, using the Fierz identities (A.2)–(A.3), one can check that in D = 3, 4, 6 and
10 the algebra of the supersymmetry transformations closes on the translations of the
fields modulo their field-dependent gauge transformations and equations of motion.
The easiest way to verify the on-shell closure of the supersymmetry algebra is to
impose on the fields the light-cone gauge discussed in detail in Appendix B. In this
gauge the supersymmetry transformations of the physical modes reduce to
δΨi1...in = −γργν ǫ ∂ρφν,i1...in , δφν,i1...in = iΨ¯i1,...,inγν ǫ. (5.36)
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Note that the form of these transformations is similar to that of the vector multiplet,
eq. (5.9) and (5.11) (in the Lorentz gauge), with the indices ir being purely external.
Finally, the physical fields φj,i1...in can be decomposed into the symmetric field
ϕi1...in+1 and the mixed symmetry field Bj,i1...in such that B(j,i1...in)=0. The field
ϕi1...in+1 contains the irreducible traceless symmetric fields of the ranks (spins) s =
n + 1, n − 1, n − 3 . . . , 1 (or 0). The field Bj,i1...in further decomposes into the
traceless mixed symmetry fields bj,i1...ir with r = n, n− 2, . . . , 1 (or 0).
The fermionic field Ψi1,...,in decomposes into the irreducible gamma-traceless fields
ψi1,...,ir with r = n, n− 1, . . . , 0 and corresponding spins s = n+ 12 , n− 12 , . . . , 12 .
In D = 4 the mixed symmetry fields Bj,i1...in can be dualized into totally symmet-
ric fields ϕ˜i1...in−1 which together with ϕi1...in+1 and Ψi1,...,in form reducible on-shell
N = 1 supermultiplets that split into the irreducible supersymmetric sets with spins
(s, s− 1
2
) and (s−2, s− 3
2
) with s = 1, . . . , n+1. Irreducible D=4 higher-spin super-
multiplets first appeared in [87] and generalized to off-shell supermultiplets in [88,89]
(see also [30] for a review).
6 Conclusion
In this paper we have considered supersymmetry between reducible higher-spin mul-
tiplets in space-times of dimension D = 3, 4, 6 and 10. It is straightforward to obtain
corresponding supersymmetric systems of massive higher-spin multiplets by perform-
ing the BRST dimensional reduction of the massless ones as in [39]. Another possible
continuation of this work is the generalization of the considered higher-spin systems
to D-dimensional AdS spaces using the results of [59] for the fermionic triplets and
generalizing results of [32] to mixed symmetry fields on AdSD. In AdS4 such a
generalization should reproduce in components some of the irreducible higher-spin
superfield constructions of [90]. A generalization to the systems with extended su-
persymmetries is yet another interesting issue, as well as understanding whether and
how the supersymmetric higher-spin systems considered above fit into higher-spin
superalgebras [15, 91–94]. Finally, it is important to find a deformation of the oper-
ator of supersymmtry transformations (4.17) in such a way that it is consistent with
interacting higher spin theories. 6
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A Conventions
Throughout the paper “(, )” denotes symmetrization and “[, ]” denotes antisym-
metrization with weight one.
The γ–matrices satisfy the following anti-commutation relations
(γµ)ac(γ
ν)cb + (γ
ν)ac(γ
µ)cb = 2η
µνδab , (A.1)
where a, b label spinorial indices, and the Greek letters µ, ν, . . . label space-time
vector indices. The spinor indices can be raised and lowered by anti-symmetric
charge conjugation matrices Cab and C
ab (CabCbc = −δca).
For checking the on-shell closure of the supersymmetry algebra we have used the
following gamma-matrix identities
(γµνρ)
a
b = (γµν)
a
c(γρ)
c
b + 2ηρ[ν(γµ])
a
b, (A.2)
(γν)ab(γν)cd + (γ
ν)ac(γν)db + (γ
ν)ad(γν)bc = 0. (A.3)
B Details of the light-cone gauge fixing procedure
and the equality of the bosonic and fermionic
degrees of freedom
The gauge transformations of the reducible bosonic system are given in eqs. (3.31)-
(3.37). Let us split the space-time indices ν and µr (r = 1, . . . , n) into the D − 2
transversal indices j and ir and the light-cone indices (+,−).
Consider now the gauge transformations (3.31) of the field φν,µ1...µn . These can
be used to gauge away the components φ+,µ1...µn
φ+,µ1...µn = 0. (B.1)
Upon imposing this gauge the remaining components of φν,µ1...µn , are transformed
with the parameters λν,µ2...mn and ρ
(1)
µ1...µn related by
∂+ρ
(1)
µ1...µn + n∂(µ1λ+,µ2...µn) = 0, (B.2)
in which the symmetrization involves the indices µr only. Therefore, the remaining
components φ−,µ1...µn and φj,µ1...µn are transformed by (3.31) in which λν,µ2...µn are
independent parameters. These can be used to put to zero the following components
φ−,+µ2...µn = 0, φi,+µ2...µn = 0 (B.3)
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and impose the transversality condition
∂νφν,µ1...µn = ∂
jφj,−µ2...µn + ∂+φ−,−µ2...µn = 0. (B.4)
So, at this stage we are left with the following independent components of φ
φj,ˆi1...ˆin (ˆir = (ir,−)) . (B.5)
Now let us consider the transformations (3.32) of the field Dν,µ1...mun−1 . The inde-
pendent parameters ρ
(2)
µ1...µn can be used to put to zero
∂νDν,µ1...µn−1 = 0, (B.6)
while the parameters τµ1...µn−1 in (3.32) can be used to gauge fix to zero the field B
Bµ1...µn−1 = 0. (B.7)
Let us now pass to the consideration of the equations of motion (3.24)-(3.30). Upon
the above gauge fixing they reduce to
φν + ∂Cν = 0, (B.8)
Dν + ∂ · Cν = 0, (B.9)
A = 0, (B.10)
Cν − ∂Dν + ∂ · φν + ∂νA = 0. (B.11)
E = F = 0. (B.12)
From these equations it also follows that
Cν = 0, ∂
νCν = 0 . (B.13)
Let us now consider eq. (B.8). From (B.5) it follows that
∂+Cν,µ1...µn−1 + (n− 1)∂(µ1Cµ2...µn−1)+,ν = 0. (B.14)
If in (B.14) all the indices µr are + we have
∂+Cν,+...+ = 0. (B.15)
Since the field Cν is on the mass shell (B.13), and assuming that its momentum p+
(associated with ∂+) is non-zero, eq. (B.15) implies that
Cν,+...+ = 0. (B.16)
Then, if only µ1 is different from +, from (B.13), (B.14) and (B.16) it follows that
∂+Cν,µ1+...+ = 0 → Cν,µ1+...+ = 0. (B.17)
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Continuing this recursion procedure we finally find that
Cν,µ1...µn−1 = 0, (B.18)
and the equations of motion (B.8)-(B.11) further reduce to
φν = 0, (B.19)
Dν = 0, (B.20)
A = 0, (B.21)
−∂Dν + ∂ · φν + ∂νA = 0. (B.22)
Since the field Dν is on-shell (B.21), we can use the residual gauge transformation
(3.33) with the on-shell parameter ρ(2) (i.e. ρ(2) = 0) to put to zero D+
D+,µ1...µn−2 = 0. (B.23)
From (B.21) and (B.22) it then follows that
∂+A = 0 → A = 0 (B.24)
and hence
− (n− 1)∂(µ1Dµ2...µn−1),ν + ∂µnφν,µ1...µ(n−1)µn = 0. (B.25)
Taking in (B.25) one of the indices µ be + and remembering (B.5), we get
∂+Dµ2...µn−1,ν + (n− 2)∂(µ2Dµ3...µn−1)+,ν = 0, (B.26)
which is similar to (B.14). Thus, its analysis results in
Dν,µ1...µn−2 = 0. (B.27)
Then eq. (B.25) reduces to the second transversality condition on φ whose non-zero
components are give in (B.5)
∂µnφν,µ1...µ(n−1)µn = 0. (B.28)
This condition further reduces the number of the independent components in φ which
become those of the mixed symmetry tensor
φj,i1...in , j, ir = 1, . . . , D − 2. (B.29)
Therefore, the bosonic reducible system under consideration has NB = (D −
2) (D+n−3)!
n!(D−3)!
physical degrees of freedom.
The gauge fixing procedure can be carried out in a slightly different way, similar
to that done for massless [31] and massive [39] (non-generalized) bosonic triplets.
First one gauges away the fields B, Cµ, E and F using the gauge parameters τ , λµ,
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ρ(1) and ρ(2), respectively. Then one is left with the gauge freedom whose parameters
satisfy the equations
λµ = ∂µ∂
νλν , ρ
(1) = −∂(∂νλν), ρ(2) = −∂ · (∂νλν). (B.30)
The field equations reduce to
φν = 0, (B.31)
Dν = 0, (B.32)
A = 0, (B.33)
∂Dν − ∂ · φν − ∂νA = 0, (B.34)
∂νφν = 0, (B.35)
∂νDν = 0. (B.36)
Now one gauges away the ” + ” components of the field φν as well as the D+ com-
ponents, as has been done before. Note that this gauge fixing is consistent with the
restrictions (B.30) on the gauge parameters, since the fields obey the Klein-Gordon
equation (B.31) and (B.32), and the transversality conditions (B.35) and (B.36).
Then from (B.33) and (B.34) it follows that ∂+A = 0 → A = 0, and (B.34) reduces
to (B.25) which implies Dν = 0 and the second transversality condition (B.5) on φ.
The gauge fixing procedure in the fermionic sector is completely analogous. The
result is that the independent physical components of the fermionic triplet can be
associated with the spinor-tensor Ψa,i1...in satisfying the Dirac equation. The number
of independent components of this tensor in D = 3, 4, 6 and 10 is the same as
the number of the physical degrees of freedom of the bosonic sector, i.e. NF =
(D − 2) (D+n−3)!
n!(D−3)!
.
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